ABSTRACT
Introduction
In black is the model of an emmetropic eye, and in red that of an eye with a -10 D refractive error. The myopic eye has a larger and more spherical vitreous chamber. The model specifies the location of the fovea (asterisk). An effect of myopia in the model is to produce a relatively greater displacement of the fovea in the axial direction. Consequently the line-of-sight (solid line) moves to closer alignment with the optical axis (dotted line). A subtle difference in the curvature of the front corneal surface between the emmetropic and myopic eyes may be seen. The small circle on the front corneal surface indicates the location of the corneal apex.
corneal radius specified by Navarro, yielding:
48 cornea_back_radii = 13.7716 9.3027 9.3027 (2)
The center of the back cornea ellipsoid is positioned so that there is 0.55 mm of corneal thickness between the front and 49 back surface of the cornea at the apex, following Atchison and colleagues (10).
50
Navarro and colleagues (9) measured the angle of rotation of the axes of the corneal ellipsoid relative to the keratometric 51 axis (the axis that connects a fixation point with the center of curvature of the cornea). I converted these angles to be relative to 52 the optical axis of the eye, yielding the parameters -3.45, 1.44, and -0.02, degrees azimuth, elevation, and torsion. These values 53 describe a corneal ellipsoid that is tilted (relative to the optical axis) so that the corneal apex is directed towards the superior,
54
nasal field, and rotated slightly anti-clockwise about the optical axis.
55
Iris and aperture stop 56 The iris is modeled as a plane perpendicular to the optical axis (i.e., zero "iris angle"), with the anterior surface positioned at 57 a depth equal to the anterior point of the lens. The anterior surface of the iris is positioned 3.9 mm posterior to the anterior 58 surface of the cornea for the cycloplegic eye (11).
59
The inner rim of the iris is the source of the image of the border of the entrance pupil. There is evidence that the entrance 60 pupil is decentered nasally with respect to the optical axis, and that the center shifts temporally with dilation (reviewed in 12).
61
The current model does not attempt to incorporate these measurements into the properties of the aperture stop. Instead, the 62 aperture stop is modeled as centered and fixed on the optical axis.
63
The stop is, however, modeled as slightly non-circular. Wyatt (13) measured the average (across subject) ellipse parameters 64 for the entrance pupil under dim and bright light conditions (with the visual axis of the eye aligned with camera axis). The 65 pupil was found to be elliptical in both circumstances, with a horizontal long axis in bright light, and a vertical long axis in dim 66 light. The elliptical eccentricity was less for the constricted as compared to the dilated pupil (non-linear eccentricity ε = 0.12 67 horizontal; 0.21 vertical; where the ratio of the minor to the major axis of an ellipse is equal to √ 1 − ε 2 ). In the current model,
68
I limit the eccentricity of the dilated entrance pupil to a slightly lower value (0.17) to provide a better fit to the measurements 69 of Mathur and colleagues (6) (discussed below). Accounting for the refraction of the cornea (using ray-tracing simulations),
70
I calculated the ellipse parameters (area, eccentricity, and tilt) for the aperture stop that would produce the entrance pupil 
75
The model therefore provides a stop that smoothly transitions in elliptical eccentricity and horizontal-to-vertical orientation
76
(passing through circular) as the radius of the aperture varies from small to large following these functions:
77 ε(r) = 0.145(4.770(tanh(r − 1.749) + 0.099))
where r is the radius of the aperture stop in mm, ε is the non-linear eccentricity of the aperture ellipse, and θ is the tilt of the 78 aperture ellipse (horizontal = 0; vertical = pi/2). The sign of ε is used to determine θ , although the absolute value of ε is used 79 to generate the stop ellipse.
80
Although not required to determine the entrance pupil, the boundary of the visible iris is modeled for comparison with 81 empirical images of the eye. The horizontal visible iris diameter (HVID) has been reported to be 11.8 mm (14 
Lens

87
The crystalline lens is modeled as a set of quadric surfaces. The anterior and posterior surfaces of the lens are modeled as 88 one-half of a two-sheeted hyperboloid. The radii of these surfaces, their dependence upon age and the accommodative state 
Line-of-sight axis
101
Our goal is to describe the appearance of the entrance pupil. Often, the pupil is observed while the subject under study has their 
where α 0 is the angle of the visual axis with respect to the optical axis in the emmetropic eye, and SR is spherical refractive 
122
Perspective projection and ray-tracing
123
Given the model eye, I then specify the appearance of the pupil in an image in terms of the parameters of an ellipse. This is 124 accomplished by perspective projection of the eye to the sensor of a simulated camera, and then fitting an ellipse to points on 125 the border of the pupil image. This projection requires us to specify the intrinsic properties of a camera and its position in space.
126
Perspective projection
127
A pinhole camera model is defined by an intrinsic matrix. This may be empirically measured for a particular camera using a 128 resectioning approach (22; 23). 4 If provided, the projection will also model radial lens distortion (24), although the present 129 simulations assume an ideal camera. The position of the camera relative to the eye is specified by a translation vector in world 130 units, and the torsional rotation of the camera about its optical axis.
131
With these elements in place, the model defines approximately equally 5 spaced points on the boundary of the aperture stop.
132
The size of the aperture stop is specified as a radius in millimeters. As the stop is elliptical, radius is defined in terms of a circle 
Ray tracing
138
As viewed by the camera, the stop boundary points are subject to corneal refraction, and thus are virtual images. The cornea 139 causes the imaged pupil to appear larger than its actual size, and displaces and distorts the shape of the pupil when the eye is 140 viewed off-axis (3; 7). A similar and additional effect is introduced if the eye is observed through corrective lenses worn by the 141 subject (e.g., contacts or spectacles).
142
To account for these effects, the projection incorporates a ray-tracing solution. I model the cornea of the eye and any diopters.
150
For the specified optical system, I implement 3D tracing for skew rays through a system of quadric surfaces (31). Given a 151 boundary point on the stop, the angles with which the ray departs from the optical axis of the eye, and the spatial translation of 152 the camera, we can compute how closely the ray passes the pinhole aperture of the camera (Figure 2 ). We search for the ray 153 that exactly intersects the camera aperture and thus will uniquely be present in the resulting image (assuming a pinhole). Given 154 the position and angle of this ray as it leaves the last surface in the optical system, we can project back to the apparent (virtual) 155 point of origin of the ray in the plane of the iris. In practice, the median ray trace solution finds a ray that passes within 0.0001 156 mm of the modeled camera pinhole. While greater precision could be obtained with longer computation time, this provides 157 little practical benefit for model accuracy.
158
Entrance pupil of a stationary eye 159 The ellipse parameters of the entrance pupil produced by the current model may be compared to empirical measurements. The optical system is composed of the aqueous humor, the back and front surfaces of the cornea, and the air. We consider the set of rays that might originate from the edge of the aperture stop. Each of these rays depart from the stop border at some angle with respect to the optical axis of the eye. We can trace these rays through the optical system. Each ray will pass at a varying distance from the pinhole aperture of the camera (blue +). For a pinhole camera, only the ray that strikes the camera stop exactly (i.e., at a distance of zero) will contribute to the image. We therefore search across values of initial angle to find the ray that minimizes the intersection point distance. In this example system, a ray that departs the iris stop border at an angle of −30 • with respect to the optical axis of the eye strikes the pin-hole of the camera after undergoing refraction by the cornea. Inset bottom left. Given the path of the ray after it exits the last surface of the optical system (in this case, the front surface of the cornea), we can project back to the plane of the iris (dotted line), and assign this as the point in the coordinate space from which the ray appeared to originate (asterisk). This is the virtual image location for this pupil point.
of the population was to slight myopia. I calculated the weighted mean spherical error to be -0.823 D. Figure 3A illustrates the 168 geometry of the measurement.
169
The measurements of Mathur and colleagues (6) can be simulated in the current model. I created a right eye with a spherical 
Pupil diameter ratio
176
At each viewing angle Mathur and colleagues measured the ratio of the minor to the major axis of the entrance pupil, which 177 they termed the pupil diameter ratio (PDR; Figure 3C ). These measurements were combined across subjects and accurately fit 178 by a parameterized cosine function. Figure 4A shows the resulting fit to the empirical data. The PDR decreases as a function of 179 viewing angle, as the entrance pupil is tilted away from the camera and the horizontal axis is foreshortened. The observed 180 entrance pupil follows a cosine function that is "both decentered by a few degrees and flatter by about 12% than the cosine of Figure 4C .
187
We may examine how components of the current model contribute to the replication of the empirical result. The simulation The output of the current model is shown for equally spaced (30 • ) viewing angles from the temporal to nasal visual field. In the center image, viewed at -5 • , the optical axes of the eye and camera are nearly aligned in the horizontal plane. The points shown correspond to the vitreous chamber (white), visible iris border (blue), entrance pupil border points and fitted ellipse (green), front corneal surface (yellow), and the center of the aperture stop (red plus). The iris border and pupil border points are virtual images, having been subjected to refraction from the cornea. Iris border points are missing in some views as these points encountered total internal reflection during ray tracing. (C) The pupil diameter ratio (PDR) is the ratio of the minor to the major axis of an ellipse fit to the entrance pupil. θ is the tilt of the major axis of the pupil ellipse. This value of θ is the empirically observed tilt of the entrance pupil ellipse, which is not to be confused with the specified value θ that is the modeled tilt of the elliptical aperture stop in Eq. 3. The PDR as a function of viewing angle that was observed by Mathur and colleagues in 30 subjects. Note that the peak PDR is slightly less than one, indicating that the pupil always had an elliptical shape with a vertical major axis in these measurements. Also, the peak value is shifted away from a viewing angle of zero. augmented with an elliptical, tilted stop ( Figure 5D ). Because the dilated stop is itself taller than it is wide, the PDR function is 195 reduced overall, bringing the model into final alignment with the empirical result.
196
Variation in the pupil diameter ratio function 197 Mathur and colleagues (6) found that the empirical PDR function could be fit with great accuracy by the expression:
where φ is the viewing angle in degrees, D is the peak PDR, β is the viewing angle at which the peak PDR is observed (e.g., the 
202
We may consider how biometric variation in the model changes the observed entrance pupil in terms of these parameters.
203
The value D reflects the eccentricity and tilt of the stop ellipse (Eq. 3) and the vertical component of α. 
215
The value E varies the "width" of the PDR function ( Figure 7A ). In their simulation, Fedtke and collagues (7) found that 216 increasing the modeled pupil aperture slightly widened the PDR function (i.e., the parameter E increased). I find the same 217 effect in the current model ( Figure 7B ). Changes in the depth of the iris relative to the corneal surface had a minimal effect,
218
suggesting that changes in accommodation (apart from a change in pupil size) will have little effect upon the shape of the 219 entrance pupil. I examined as well the effect of the angle with which the camera is moved across viewing position, from 220 horizontal to oblique to vertical ( Figure 7C ). Because the cornea is astigmatic, an observer that moves across horizontal viewing Figure 9 . Ellipse fit error. The set of points that define the pupil boundary in the image are not exactly elliptical due to the refractive effects of the cornea. The root mean squared distance of the pupil boundary points from the best fitting ellipse as a function of viewing angle is shown. The fitting error is expressed in mm.
Tilt of the entrance pupil ellipse 226 Mathur and colleagues (6) measured the "oblique component of pupil ellipticity" (termed component "C"), which reflects the 227 tilt of the major axis of the pupil ellipse away from vertical. I calculated this component for the current model and found that 228 the result compares quite well with the empirical measurements (Figure 8 ). This tilt component of the entrance pupil ellipse can 229 be appreciated in the rendered eye depictions (Fig 3B) , with the top of the pupil tilted towards the nasal field when the eye is 230 viewed from the temporal field, and vice-a-versa. This tilt is almost entirely the result of modeling the vertical displacement of 231 the visual axis from the optical axis; there is a small additional effect of the tilt of the dilated aperture stop.
232
Error in ellipse fitting to entrance pupil boundary 233 Finally, I examined how well the entrance pupil is described by an ellipse as a function of viewing angle by calculating the root 234 mean squared distance of the entrance pupil border points from the fitted ellipse, expressed in millimeters ( Figure 9 ). Overall, improve the match to empirical observations (6) and support the generalization of the model to arbitrary pupil sizes and to viewing angles apart from the horizontal plane.
247
The model presented here provides the parameters of an ellipse that is fit to the border of the image of the entrance pupil.
248
These parameters agree well with the empirical measurements of Mathur and colleagues (6). This does not require, however, 249 that the true shape of the entrance pupil at high viewing angles is in fact elliptical. The measurements made in the Mathur study 250 were obtained by fitting an ellipse to a set of 16 points that were manually defined around the pupil border. The quality of the 251 fit was not reported. As both the current model and the Mathur measurements impose an ellipse fit, their agreement cannot 252 confirm that the shape of the entrance pupil is in fact an ellipse. In the current model, an ellipse describes the border of the 253 entrance pupil with very small fit error, even when the eye is viewed from 75 degrees in the periphery (Figure 9 ). The model 254 may be inaccurate in this regard, however, as the peripheral cornea deviates from the ellipsoidal form used here (33). Indeed, at 255 extreme angles, it is clear that the entrance pupil is decidedly non-elliptical in shape (4). This is an area in which the current 256 model could be improved.
257
While the goal in the current study was to account for the average appearance of the entrance pupil of the eye in a population, measurements, including cases of more extreme ametropia, will be needed to define the functional form.
265
The model is easily extended to account for rotation of the eye. There is an extensive literature in which anatomically-266 inspired models of the eye are used to inform gaze and pupil tracking systems (e.g., 3; 34). These applications have a particular 267 focus upon determining the location of the first Purkinje image and the center of the entrance pupil, as these may be used to 268 deduce gaze angle. While not studied here, these values could be derived readily from the current model. 
274
The biometric parameters that define the model were set almost entirely by reference to prior empirical measurements of 275 the central tendency of studied populations. In an effort to best fit the pupil diameter ratio function of Mathur and colleagues 276 (6), however, two model parameters were tuned "by hand": the maximum, dilated entrance pupil ellipticity was held to a value 277 slightly smaller than previously reported (13); and the value for vertical α was set to 3.0 • in the emmetropic eye. Because 278 these parameter values are biologically plausible and within the range of prior empirical measurements, I am optimistic that the 279 model will generalize well to novel observations of entrance pupil appearance.
